Abstract. Let G be a finite abelian group and let L be a, possibly restricted, G-graded Lie color algebra. Then the enveloping algebra U (L) is also Ggraded, and we consider the question of whether U (L) being graded-prime implies that it is prime. The first section of this paper is devoted to the special case of Lie superalgebras over a field K of characteristic = 2. Specifically, we show that if i = √ −1 ∈ K and if U (L) has a unique minimal graded-prime ideal, then this ideal is necessarily prime. As will be apparent, the latter result follows quickly from the existence of an anti-automorphism of U (L) whose square is the automorphism of the enveloping algebra associated with its Z 2 -grading. The second section, which is independent of the first, studies more general Lie color algebras and shows that if U (L) is graded-prime and if most homogeneous components Lg of L are infinite dimensional over K, then U(L) is prime. Here we use ∆-methods to study the grading on the extended centroid C of U (L). In particular, if G is generated by the infinite support of L, then we prove that C = C 1 is homogeneous. §1. Superalgebras Let L = L 0 ⊕ L 1 be an ordinary (or restricted) Lie superalgebra over any field K of characteristic not 2, and let U (L) denote its ordinary (or restricted) enveloping algebra. Then U (L) = U 0 ⊕U 1 is Z 2 -graded, and we let σ denote the corresponding automorphism of order 2 defined by σ(u) = u if u ∈ U 0 and σ(u) = −u if u ∈ U 1 . Then it is clear that any subspace of U (L) is graded if and only if it is σ-stable. In particular, an ideal I U(L) is graded-prime if and only if it is σ-prime. The goal of this section is to show that if i = √ −1 ∈ K, then U(L) is a graded-prime ring if and only if it is a prime ring. Of course, prime always implies graded-prime, so we are essentially concerned with the reverse implication.
§1. Superalgebras
Let L = L 0 ⊕ L 1 be an ordinary (or restricted) Lie superalgebra over any field K of characteristic not 2, and let U (L) denote its ordinary (or restricted) enveloping algebra. Then U (L) = U 0 ⊕U 1 is Z 2 -graded, and we let σ denote the corresponding automorphism of order 2 defined by σ(u) = u if u ∈ U 0 and σ(u) = −u if u ∈ U 1 . Then it is clear that any subspace of U (L) is graded if and only if it is σ-stable. In particular, an ideal I U (L) is graded-prime if and only if it is σ-prime. The goal of this section is to show that if i = √ −1 ∈ K, then U(L) is a graded-prime ring if and only if it is a prime ring. Of course, prime always implies graded-prime, so we are essentially concerned with the reverse implication.
Lemma 1.1. Let U (L) denote the (restricted) enveloping algebra of the (restricted) K-superalgebra L and assume that
is given by τ (x) = −x if x ∈ L 0 and τ (x) = ix if x ∈ L 1 , then τ is a well-defined algebra anti-automorphism of U (L) and τ 2 = σ.
Proof. Consider the map θ : L → U (L)
op given by θ(x) = −x op if x ∈ L 0 and θ(x) = ix op if x ∈ L 1 . We show that θ is a Lie superalgebra homomorphism into the superalgebra of the Z 2 -graded ring U (L) op . To avoid confusion, let us use [[ , ] ] to denote the bracket defined by the latter algebra. Let x ∈ L 0 and let y ∈ L a with a ∈ { 0, 1 }. Then [x, y] ∈ L a , so θ(y) = λy op and θ ([x, y] ) = λ [x, y] op for the same scalar λ. Thus [[θ(x) ([x, y] ).
In particular, if L is an ordinary Lie superalgebra, then the universal property of U (L) implies that θ extends to an algebra homomorphism θ :
op . By composing this with the natural algebra anti-isomorphism U (L) op → U (L), we conclude that τ exists and is an algebra anti-homomorphism. Since τ 2 agrees with σ on L, we conclude that τ 2 = σ and hence that τ is an algebra anti-automorphism of order dividing 4.
Finally, if L is a restricted Lie superalgebra in characteristic p > 2, then the above argument will apply provided we show that θ also respects the pth power map
and θ extends to an algebra homomorphism θ :
We remark that any anti-automorphism τ of a ring R permutes its ideals, preserving inclusion, and maps primes to primes. Furthermore, if τ commutes with an automorphism σ, then τ permutes the σ-stable ideals of R and hence it maps σ-primes to σ-primes. With this observation, we have Theorem 1.2. Let L be a (restricted) Lie superalgebra over the field K of characteristic = 2, let U (L) denote its (restricted) enveloping algebra, and assume that
Proof. Let σ be the automorphism of U (L) of order 2 associated with the grading and, since i = √ −1 ∈ K, let τ be defined as in the preceding lemma. Then τ commutes with τ 2 = σ, so τ permutes the graded-prime ideals of U (L) and hence τ stabilizes P , the unique minimal graded-prime. In particular, τ gives rise to an anti-automorphism of the σ-prime ring R = U (L)/P . Since σ is an automorphism of R of order ≤ 2, [P, page 133] implies that R has at most two minimal primes, say Q and Q σ , and that Q ∩ Q σ = 0. But then the cyclic group { 1, τ, τ 2 , τ 3 } permutes these ≤ 2 minimal primes, and hence τ 2 = σ must act trivially as a permutation. Thus Q = Q σ and 0 = Q ∩ Q σ = Q. This means that R is a prime ring and hence that P is a prime ideal of U (L) . Finally, if T is any prime ideal of U (L), then T ∩ T σ is σ-prime, so T ∩ T σ ⊇ P and consequently T ⊇ P . Thus P is the unique minimal prime of U (L) .
Note that [Bl] asks whether the enveloping algebra U (L) of a finite-dimensional Lie superalgebra L must necessarily have a unique minimal prime. In view of the above, we can essentially obtain an affirmative answer here by showing that U (L) has a unique minimal graded-prime ideal. For example, in the following result, we are able to slightly sharpen the conclusion of [L, Theorem I(i) 
and therefore Q ⊇ F ⊗ P k ⊇ P k for some subscript k. But then P k is also nilpotent, and this easily implies that P k is the unique minimal prime of U (L).
This, of course, extends [KK, Theorem 3.8] and indicates why the following result may be of interest. Proof. If T denotes the set of nonzero elements of U (L 0 ), then clearly T is a multiplicatively closed set of regular elements of U (L) . Furthermore, by [Bh, Section 4] , T is a right Ore set of U (L) and U(L)T −1 is the Artinian right classical quotient ring of the enveloping algebra. Now let N denote the unique minimal prime ideal of U (L) , so that N is also the unique largest nilpotent ideal of this Noetherian ring. If I is a non-nilpotent ideal of U (L), then (I + N )/N is a nonzero ideal of the prime Noetherian ring U (L)/N , and hence I contains an element c which is regular modulo N . Indeed, [Sm, Theorem 2.12 
Another consequence of Theorem 1.2 is a slight sharpening of [BP, Corollary 1 Proof. Since prime always implies semiprime, we are concerned here with the reverse implication. Thus we suppose that U (L) is semiprime, and we first consider the case where
Since ∆ L is generated by the finite-dimensional superideals of L, there exists such an ideal I of L withÃ = A ∩ U (I) = 0 andB = B ∩ U(I) = 0. Now I is finite dimensional and solvable, so Corollary 1.3 implies that the Noetherian ring U (I) has a unique minimal prime which is nilpotent. In particular, sinceÃB = 0, we see that one ofÃ orB, sayÃ, is nilpotent. But thenÃ is a nonzero graded L-stable
is graded L-prime, and we conclude from the preceding corollary that U (L) is prime.
Finally, let K be an arbitrary field of characteristic 0 and set
is also semiprime. Consequently, by the above, F ⊗ U (L) is prime, and hence so is U (L) .
Note that the preceding argument really only requires the fact that each finitedimensional superideal I of L is solvable. Indeed, we need only assume that, for each such I, U (I) has a unique minimal prime ideal. We remark that if H L and if U (L) is semiprime, then it is not necessarily true that U (H) is also semiprime. This occurs because superderivations need not stabilize minimal primes even if char K = 0. For instance, we have Example 1.7. If K is any field of characteristic = 2, then there exists a metabelian (restricted) Lie superalgebra If
Then we know thatL is a restricted Lie superalgebra and that its restricted enveloping algebra U (L) is precisely equal to U (L) . Furthermore,
. Then we conclude from the preceding argument applied to
is prime, and consequently U (L) is also prime. §2. Color algebras Let G be a finite abelian group and let :
and we can certainly assume that G = supp L since the elements of G outside of this supporting subgroup have no effect on the structure of L or its enveloping algebra. Now each g ∈ G gives rise to a linear character
, and it is clear that the map Λ : G → G given by g → λ g is a group homomorphism. Again, we can assume that Λ is one-to-one, since if N = ker Λ andḠ = G/N , then determines a bicharacter¯ :Ḡ ×Ḡ → K • and L is naturally a Lie color algebra associated withḠ and¯ . For convenience, we say that G is minimal for L if G = supp L and Λ : G → G is one-to-one. In this case, it is clear that G ∼ = G.
Recall that G is the disjoint union of the subsets
Here G + is a subgroup of G of index ≤ 2 and G − is the remaining coset when the index is 2. If L is an ordinary Lie superalgebra we let U (L) denote its universal enveloping algebra, and we define the infinite support of L by
Of course, L is always an ordinary algebra when char K = 0.
On the other hand, if char K = p > 0, then L may have the additional structure of a restricted color algebra. This means that there exists a pth power map
and here we let U (L) denote the restricted enveloping algebra of L. Furthermore, in this context the infinite support of L is defined by
See [BMPZ] or [S] for a more complete description of Lie color algebras and their enveloping algebras. Now let R be any K-algebra and let G be a finite abelian group with for any λ ∈ G. Conversely, if G acts on R, then R is G-graded by the eigenspaces
which are indexed by the elements g ∈ G. Indeed, these are equivalent structures on R, since G ∼ = G implies that for any two distinct elements x, y ∈ G there exists λ ∈ G with λ(x) = λ(y). Suppose, in addition, that R is a semiprime K-algebra, and let C = C(R) denote its extended centroid (see [A] or [M] ). If R is G-graded, then we know that the action of G on R extends naturally to an action on the central closure RC of R. Hence the G-grading on R extends to a grading on RC with C a graded subring. Note that the assumption G ∼ = G holds when R = U (L) and G is minimal for L. Our goal in this section is to study the grading on the extended centroid of U (L) when this enveloping algebra is semiprime, and following [W, Proposition 2.8] we define
Then ∆ L is a characteristic (restricted) Lie color ideal of L which "controls" the linear identities of U (L) . We use this fact to prove
Lemma 2.1. Assume that R = U (L) is semiprime and let c be a nonzero element of the extended centroid C = C(R). Then there exists a finite-dimensional graded subspace V of R, which is stable under the adjoint action of
Proof. Let us first assume that either char K = 0, or char K = p > 0 and that L is restricted. If I = { r ∈ R | rc ∈ R }, then the definition of C implies that I is an ideal of R with zero annihilator in R and hence in RC. In particular, Ic = 0 and we fix α ∈ I with 0 = β = αc ∈ R. Now let r be any element of I and set s = rc ∈ R. If x ∈ R, then we know that xc = cx and, upon multiplying this equation on the left by α and on the right by r, we obtain αxs = βxr for all x ∈ R, a linear identity in R. In particular, since β = 0, this linear identity and [W, Theorem 4.8] imply that there exist elements α and β = 0 in U(∆ L ), depending only upon α and β, such that α s = β r. But s = rc = cr, so this yields (α c−β )r = 0 and, since r ∈ I is arbitrary, we have (α c − β )I = 0 and hence α c = β . Now, by definition of ∆ L and U (∆ L ), it follows that there exists a finite-
Finally, suppose that L is an ordinary Lie color algebra in characteristic p > 0 and letL be the restricted Lie color subalgebra of U (L) generated by L. Then it is known that U (L), the restricted enveloping algebra ofL, is precisely equal to U (L) . Thus, the result of the preceding paragraph applied to U (L) yields the corresponding result for U (L).
We remark that if c above is assumed to be homogeneous, then we can find an appropriate finite-dimensional graded subspace V with 0 = V c ⊆ R. This is essentially contained in the proof of the following result.
Theorem 2.2. Let L be a (restricted) G-graded Lie color algebra over the field K and assume that G is minimal for L. Suppose that the (restricted) enveloping algebra U (L) is semiprime and let C denote its extended centroid. If G is generated by the infinite support of L, then
Proof. Suppose, by way of contradiction, that C x = 0 for some 1 = x ∈ G and choose 0 = c ∈ C x . By the previous lemma, let V be a finite-dimensional graded subspace of R = U (L), stable under the adjoint action of U (L) , such that 0 = vc ∈ R for some v ∈ V . If W = { w ∈ V | wc ∈ R }, then, since R is a graded subring of RC and since c is homogeneous, it follows that W is a graded subspace of V . Furthermore, since v ∈ W , we see that W c = g∈G W g c is a nonzero finitedimensional graded subspace of R. Consequently, we can choose α ∈ W to be a homogeneous element such that deg αc ≥ deg wc for all w ∈ W .
Since G is minimal for L and x = 1, we know that 1 = λ x ∈ G. In particular, ker λ x = { g ∈ G | λ x (g) = 1 } is a proper subgroup of G and hence it cannot contain all members of supp ∞ L, which, by hypothesis, generates G. Thus there exists y ∈ supp ∞ L with 1 = λ x (y) = (x, y). Let be any element of L y and, for convenience, use to denote the adjoint action of .
Since α is homogeneous, c ∈ C x and ∈ L y , we have (αc) = α c + k αc for some nonzero k ∈ K depending upon the grades of α and . Furthermore, since c and commute, we have
In particular, since α ∈ V ⊆ V , we have α ∈ W. Now deg(αc) ≤ deg αc is always true and deg α c ≤ deg αc follows from the maximality of deg αc. Thus the equation
Since αc is a nonzero element of U (L) , there exists a finite-dimensional graded subspace H of L with αc ∈ (K + H) n for some n ≥ 0. In particular, if dim K L y = ∞, we can choose ∈ L y \ H, and consequently the PBW theorem implies that deg(αc) = 1 + deg αc > deg αc, a contradiction. On the other hand, if dim K L y is finite, then the definition of supp ∞ L implies that L is an ordinary Lie superalgebra and that y ∈ G + . In this case, we know that L y = 0 and, if 0 = ∈ L y , then the PBW theorem again yields deg(αc) = 1 + deg αc > deg αc, a contradiction. Thus the assumption that C x = 0 for some 1 = x ∈ G is false, and the theorem is proved.
The preceding argument actually yields information on the allowable support of C when G is not necessarily generated by supp ∞ L. Specifically, it shows that if
Again, let R be a G-graded K-algebra with G ∼ = G. Then any subspace V of R is G-stable if and only if it is G-graded. In particular, R is G-prime if and only if it is graded-prime. Furthermore, when this occurs, then R is G-semiprime and hence also semiprime since G is finite. The following observation is well-known. Lemma 2.3. Let R be a G-graded K-algebra with G ∼ = G, and assume that R is graded-prime. If I is a nonzero ideal of R, then there exist a homogeneous element a ∈ R and an element c ∈ C = C(R) with 0 = ac ∈ I.
Proof. By assumption, R = ⊕ g∈G R g is G-graded, and we can choose 0 = α = g∈S α g ∈ I with support S ⊆ G and with |S| minimal. Fix h ∈ S and let x ∈ R w for some w ∈ G. Then
and note that α h xα g − α g xα h ∈ R hwg since G is commutative. Furthermore, the g = h summand vanishes here, and thus β ∈ I has support contained in hw(S\{ h }), a set of size smaller than |S|. Thus β = 0, and indeed
for all g ∈ S and all x ∈ R w . Since R = w∈G R w , the above identity clearly holds for all x ∈ R.
Finally, note that the ideals Rα h R and Rα g R are nonzero and graded, and hence they have trivial annihilators in R since R is graded-prime. With this observation, it follows from the linear identity that, for each g ∈ S, there exists c(g) ∈ C with α g = α h c(g). (See, for example, the proof of [M, Theorem 1] .) Thus
is a nonzero element of I of the required form.
As a consequence, we have
Theorem 2.4. Let L be a (restricted) G-graded Lie color algebra over the field K and assume that G is minimal for L. If the (restricted) enveloping algebra U (L) is graded-prime and G
Proof. As we observed, R = U (L) is semiprime since it is graded-prime, and thus we can let C = C(R) denote its extended centroid. Furthermore, since G = supp ∞ L , Theorem 2.2 implies that C = C 1 is homogeneous. Now let I be any nonzero ideal of R. Then the preceding lemma implies that there exist a homogeneous element a ∈ R and an element c ∈ C with 0 = ac ∈ I. But C = C 1 , so c is also homogeneous and ac is a nonzero homogeneous element of I. Thus I contains the nonzero graded ideal RacR which has zero annihilator in the graded-prime ring R. It follows that I also has zero annihilator in R, and therefore R = U (L) is a prime ring.
We remark that some hypothesis is needed in the preceding theorem, since graded-prime enveloping algebras are not necessarily prime. Indeed, we mention Example 2.5 ( [Pr] ). For any field K of characteristic = 2 there exists a Lie color algebra L, graded by the fours group, such that U (L) is a commutative algebra which is graded-prime but not prime.
Proof. Let G = { 1, x, y, xy } ∼ = { 1, x } × { 1, y } be the fours group and let K be a field of characteristic = 2. If : G×G → K
• is the product of the super-bicharacters defined on { 1, x } and { 1, y }, then (x, x) = (y, y) = −1 and (x, y) = 1. Now let 
